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A Simplified Kalman Estimator for an Aireraft Landing Display

RoserT B. MERRICK*
NASA Ames Research Center, Moffett Field, Calif.

Research is being conducted on a zero-zero landing system that uses an airborne digital
computer to process distance measurements from two radio transponders and a radar altim-
eter. It is necessary to estimate the position and velocity of the aircraft from these measure-
ments as a preliminary to generating the pilot display, and this paper applies the Kalman
filter to this task. The on-board estimator must operate within very limited allowances of
computation time (70 msec) and computer storage (600 words). The pertinent observation
equations are linearized around the current estimated trajectory. The first mechanization
of the Kalman filter approach drastically exceeded the onboard computer constraints. Sev-
eral substantial simplifications were made to meet these constraints and the results show that
equivalent performance is obtainable with a much simpler system.

I. Imtroduction

THERE is an increasing need for the development of blind
landing systems that would enable airliners to operate
on schedule in all but the most extreme weather. To this
end, Ames is conducting research on a zero-zero landing
system that uses an airborne digital computer to process
data available from distance measuring equipment and atti-
tude angle instrumentation.! The necessary information is
given to the pilot by an electronic display that presents an
outline of the runway with the orientation and perspective
that the pilot would see if the weather was good. A projected
touchdown point is also included in this display.? This
display was adequate in general, but the projected touchdown
point was unacceptably noisy when it was obtained with a
direct computational scheme. Accordingly, it was necessary
to develop a better data processing technique.

The purpose of this paper is to deseribe the application of
the Kalman filter to this problem and the subsequent simplifi-
cation of the algorithm to meet the requirements of the on-
board computer. This paper will present first the general
problem and then discuss the complete Kalman filter simula-
tion. The simplifications adopted will be explained and
comparisons will be made that will point out the advantages
and penalties of the simpler system.

The basic data available for computation of the aircraft
position, velocity, and touchdown point consist of measure-
ments of the distance of the airplane to three points on the
ground. Transponder units are at two of these points,
located symmetrically on either side of the runway. The
third point is nominally underneath the airplane; thus, the
third measurement is a radar altimeter reading. After
appropriate processing, the data are placed on the electronic
display for use by the pilot.

It is required that the data fed to the electronic display be
updated frequently so that the lag introduced here will be
negligible. Consequently, new data must be available at
least ten times a second, and this imposes an over-all time
constraint of 100 msec on the computation cycle. The
utilization rate of a set of three, nominally-simultaneous,
range observations is limited by the processing speed of the
onboard computer, a Scientific Data Systems model 920.
About 30 msec is required to update the display after esti-
mates of the body attitude angles, inertial position, inertial
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velocity, ete., are available. Thus, the time allowable to
process the range measurements and to obtain estimates of
the position and velocity must be less than 70 msec. It is
desirable, however, that this time be substantially smaller
because then the over-all cycle time will be less, and certainly
the pilot prefers to have his display updated as frequently
as possible. Moreover, if more than a minimum of data is
processed, better estimates will be obtained.

A further substantial limitation on the procedure selected
for obtaining position and velocity estimates is computer
storage. The memory capacity of the onboard computer
is 4000 words, and 3400 words of storage are used for other
purposes; so a maximum of 600 words is available for the
state vector estimation.

It was expected that the Kalman filter approach to this
observation and estimation problem would offer a substantial
reduction in the noise of the projected touchdown point, so
this filter was developed for use during a simulated landing,
The pertinent observation equations were written around
the current estimated trajectory and then linearized; the
estimated trajectory is revised after each observation is
processed.

There is also a conceptual advantage to the Kalman formu-
lation in that a difficulty which may arise with actual hard-
ware may be easily handled. Often when a large set of
numerical measurements are examined, it is obvious that a
few of these data are “blunderpoints,” that is, a few of the
data are wildly inconsistent with the rest of the measure-
ments. The error signal for the Kalman filter is the differ-
ence between the expected observation and the actual ob-
servation, so gross errors are easily picked out and these data
are not processed. ‘

However, when the Kalman filter program was first
written using Fortran and general purpose matrix multiplica-
tion routines, it drastically exceeded the limitations of the
onboard computer. The paper will discuss the following
modifications that were necessary to adapt this approach
to the restrictions of the onboard computer: more efficient
programming, conversion to machine language, and engineer-
ing approximations to the Kalman equations.

II. Development of the Mathematical Model

It is first necessary to discuss what equations of motion are
appropriate for the landing airplane. The intended trajectory
is a straight line along the glide slope until the flare is begun
that is, control motions are only introduced by the pilot to
null deviations from a desired letdown that has both a con-
stant forward velocity and a constant rate of descent. This
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ideal letdown also has zero lateral displacement and zero
lateral velocity.

Since an accurate statistical description of the disturbing
accelerations to be expected in the descent is not available
and since computational simplicity is essential, these accelera-
tions are not explicitly included in this study. The effects
of these disturbances will later be treated as an increase in
the variance of the estimation errors in position and velocity.
Consequently, the basic equations of motion, which are used
for predicting ahead the short time between observations,
are taken to have zero acceleration or constant velocity in all
three runway axes.

Figure 1 illustrates the runway-based, coordinate system
adopted and the distances measured by the radar equipment.

The equations that relate the error-free transponder and
altimeter observations (rz,rz,r4) to the aircraft position are

ri? =2z + (o +y)t + 1
e =2+ (Yo — y? + A2 eh)
Ta = h

If these equations are expanded in a Taylor Series about the
estimated position (£,9,h) and then linearized, the result is

ro(myh) =1+ ()i — 2) +
W+ N — ) + Ak ~ B)]
re@y,h) =tz + (1/fe) 8@ — &) +
(% + D@ — O + h = k)]
4 =h
Introducing the deviation variables X and R as

X1=x—£@,'X2=yT?7,X3='h‘—ﬁ
X4 =A X1, X5 = Xz, }Xs = X; N (2)
RL=7'L—1'L,RR =7‘R—7’R,RA=7‘A—}L
we may write the equations of motion and the linearized
observation equations as

X1=X4,X2=X5,X3=X6
, , , 3)
X4=0,X5=0,X6=0

Rr = () [8X: + (o + 9)X: + £ X]
Rr = (1/re)[2X1 + (~yo + DX> + hXs] 4)

RA - X3
In matrix form these linear equations are

X(t + DELT) = &(t + DELT;)

X,(t + DELT) 1 0 0 DELT 0 0
X»(t + DELT) 010 0 DELT 0
X(¢+DELT) | [0 01 o 0 DELT
X{t+DELT) |0 0 0 1 0 0
X5(t + DELT) 000 O 1 0
Xs(t + DELT) 000 O 0 1
X
X))
Xa(t)
Xs(t)
x| @
X(t)
Xo(t)
Rt = H() X ()
R 8/fn o+ 9/ h/fn 0 0 O[X(]
Rr | = 1|2/ (v + 9)/72 h/;zz 000 X,
R4 0 0 1 00 0ol|Xs
X, (6)
X5
X |
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Fig. 1 Geometry and coordinates.

It is convenient to consider the 3 X 6 observation matrix as
three 1 X 6 matrices; that is, consider each observation
separately. This has a distinet procedural advantage be-
cause, if in a set of three, nominally-simultaneous observa-
tions there is one blunderpoint, the other two may still be
processed. If the three radar observations were handled as
a set, then worthwhile information would be discarded.
There is also a computational advantage in considering each
observation separately, since a potentially troublesome matrix
inversion is replaced by three simple divisions.

Assuming that the radar measurements are corrupted only
by additive noise, we may write

OBSL(tet) = roltess) + Nilte)
OBSR(tk+1) = TR(tk-(-l) + NR(tIH-l) (7)
OBSa(trs1) = ralters) + Nalterr)

and
SIG (1) = OBSLltey) — Frlterr)
= Ri(tit) + Ni(teya)
SIGr () = OBSe(tey) — Trlten) 8)
= Rr(teq) + Nelten)
SIG4(trer) = OBSslterr) — 7Talterr)

R, (tk+1) + Na (tk+1)

where the OBS vector is the set of radar measurements, the
N vector is the added noise occurring with each measurement,
and each component of the SIG vector is the error signal ob-
tained by subtracting the expected observation from the ac-
tual observation. The right-hand side of Eq. (8) is obtained
with the aid of Eqgs. (2) and (7). Further, if the measurement
noise is Gaussian with zero mean value and uncorrelated from
one observation to the next, then applying the Kalman
filter® to this estimation problem will produce the following
perturbation variable equations: '

Xi = (et Xults) 9

Pi = B i) Pulti) BT (b ste) (10)
K = PHT[HPHT + Q] (11)
X = X1 + K[SIG — HX,) (12)
Pu = [ — KH]P, (13)

Here X is the estimated state vector after & observations
have been processed, ®(ter1;lx) is the transition matrix, P is
the covariance matrix associated with the state vector esti-
mation errors, K is the gain matrix corresponding to a par-
ticular type of observation at a particular time, and @ is
the covariance matrix of measurement errors. Unless other-
wise indicated, all terms in these equations are evaluated at
try1, the time of the k& + 1 observation.

Equations (9) and (10) change the estimate of the state
vector and its eovariance matrix when the new observation
is taken at a time different from that of the previous observa-
tion. Equations (11-13) change the estimate of the state
vector and its covariance matrix because of observational
data.
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Fig. 2 Complete filter response to a position estimate
error—constant veloeity.

These equations are written for linear perturbations about
a reference trajectory. In this instance, where the equations
of motion of the airplane are very simple, it is efficient to use
the estimated trajectory as the reference trajectory.* That
is, after every observation is processed, a new estimate of
posmon and velocity is obtained, and the linearization is
accomplished about the new estimated trajectory. This
means that X;(&) is identically zero, so that Eq. (9) does not
have to be mechanized at all and Eq (12) is merely

X pii(tes) = K(ten)SIGEre) (14)

The position and velocity in runway coordinates, which is
needed for the pilot display, can be obtained from the per-
turbation variable solution by the following relations:

Fra(tin) = i) + X1 r(fern)
Grpa(ten)) = Galtess) + Xomia(lhrr)
hk+1(tk+1) = hk(tk+1) + X3 e ()
ﬂczo+1(tk+1) = Zp(ter) + X4 o1 (fetr)
yk+1(lk+1) = ?/Ic(tlc-H) + Xs w1 (rn)
hk+1(tk+1) = hk(tk-H) + Xs w1 (frgn)

The next step in the research was to verify that this line of
approach did truly have a potential for improved estimation.
Accordingly, the mathematical model just developed was
written in Foriran, using existing matrix multiplication
routines. This mechanization did show an encouraging
quick reduction in existing position errors. Figure 2 presents
the response to a lateral position estimate error; this response
occurs over a 200-ft interval of the downrange trajectory
approximately 4000 ft from touchdown.

The results of the original direct calculation procedure are
also shown on this graph. The lateral estimate obtained by
this direct procedure remains noisy even in constant velocity
flight, since this scheme simply solved Eq. (1) for z, y, and &
in terms of the measured rz, 7z, and r4 at each point in time.
The direct procedure obtained the runway lateral velocity
by applying a least-squares fit, linear or quadratlc, to the
last N (10-20) calculations of lateral distance.

Now that a potential for more accurate estimation had
been demonstrated, it was necessary to translate this theo-
retical potential into a practical procedure. This was a long
step because this first mechanization of the Kalman concept
was far too slow (4100 msec per computation cycle compared
to 60 msec available) and used three times the available 600
cells of storage. Some hope existed, however, since the
laboratory computer operated in Fortran with floating point,
double-precision computations, whereas the airborne com-
puter operated in machine language with fixed point, single-
precision computations. An order-of-magnitude inprove-
ment in processing time could reasonably be expected from
this change alone, and further improvements were available
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through efficient programming and use of justifiable engi-
neering simplifications. It was felt that the single-precision
accuracy (24 binary bits -+ 1 parity bit) would be accurate
enough if carefully programmed.

III. Tmmediate Simplifications

In many engineering studies separation of variables or
modes of motion offers great simplification and has solid
justification; the lateral and longitudinal modes of motion of
aireraft are often studied separately. In this study an
examination of the observation equations [Fq. (6)] was
encouraging, since the altitude is observed separately from
the lateral and longitudinal position coordinates. It was
also expected that the measurement errors of the altimeter
would be less than the errors in the transponder measure-
ments, so altitude would be well determined. Accordingly it
seemed reasonable that the errors in altitude and altitude
rate at any particular time would have negligible correlation
with the errors in z, #, y, and 4 at the same time and this
assumption was adopted. This first assumption inserts 16
zeros into the 36-element, covariance matrix of estimation
errors (P matrix); and, since the covariance matrix is in-
volved in all of Eqgs. (9-13), this assumption has major effect.

The next direct simplification was to take advantage of the
many zeros now in the P matrix and in the A matrix and to
capitalize also on both the zeros and ones in the transition
matrix. That is, all multiplications by zero or one can be
eliminated from the iterative cycle by writing down all matrix
multiplications in complete detail.

While implementing the previous simplification and first
assumption in connection with the covariance matrix up-
dating equation [Eq. (10)], it was observed that there were
four elements in the updated P matrix that had a term in-
volving a power of the time increment. Kach of these four
elements could be written as:

Pi,j updated = Pi'j + (P,;+3,j+3)(DELT)2
+ (Pi,j4a + Piys,;) DELT)

With DELT < 0.10 sec, the (DELT)? terms could be safely
dropped, and this became the second simplifying assumption.

The Fortran program was altered to incorporate these in-
provements, and it was found that the associated performance
penalty was negligible. A complete listing of the equations
at this point is given in the Appendix.

The time per computation cycle was now down to 320
msec while still in Fortran, floating point, double precision.
An order-of-magnitude improvement had already been ob-
tained, and the change to machine language, fixed point,
single precision was still to come, so it was clear that the basic
time requirement could be met. Actually, after further
simplifications, the time per computation cycle of the final
machine language filter was 27 msec.

IV. Computational Difficulties and
Further Simplification

When optimal theories are applied to physical problems
computational difficulties may oceur.® These difficulties
should be expected whenever the mathematical model
selected to represent the physical world is not a good descrip-
tion of the actual dynamics and geometry or when the model
selected is a good, but not perfect, description and many
data are to be processed. In this application, the model is
known to be imperfect since gust disturbances have not been
included, and triads of radar data will be processed many
times a second for perhaps more than 200 sec.

If the mathematical model in the Appendix were used, one
would expect the covariance matrix of estimation errors to
shrink gradually as more data are processed and to approach
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zero until it violates the theoretical requirement that it be a
positive definite matrix. This theoretical anomaly would
occur because only a limited number of significant figures
can be used in the computations and extreme accuracy is re-
quired when the terms in the covariance matrix become very
small.

However, a physical anomaly would arise long before the
computation difficulty could cause trouble. With gust
disturbances, winds shifting direction with altitude, four
only nominally-identical engines, etc., how well can we expect
to know the velocity of the airplane from frequent position
measurements?

Consider a one-quarter ¢ disturbance lasting half a second;
the deviations resulting at the end of this disturbance are
4.0 ft/sec in velocity, but only 1.0 ft in position. Clearly,
this position cannot be reliably sensed with half a dozen
measurements using distance measuring equipment whose
rms error is twice the position deviation. This physical
reasoning implies that the variance of the estimation error
in the three components of velocity should never be much less
than (4.0 ft/sec)2. This also establishes some minima for
the variances of the estimation error in the three components
of position.

It is clear that the equations in the Appendix must be
altered so that these known physical characteristics are more
adequately represented, but increased computational com-
plexity is undesirable. Consider the major simplification of
letting the velocity variances be constant and equal to the
previously discussed minima. This would handicap the
performance of the estimation system in the initial portion of
the approach, since, at that time, the actual errors in velocity
estimation may be substantially greater than the selected
minima and error reduction would be slow. However, we
may quite tolerably allow this initial error reduction phase
to be as long as 30 sec and still have about 3 min of ac-
curate estimation before landing. Accordingly, this major
simplification was adopted.

The calculation of the variances for the estimation error
in position cannot be simplified quite as drastically because
the initial phase of the approach needs reasonable speed in
reducing position error in the first few seconds of operation.
Consequently, these variances must be large initially for
quick response, but still must be prevented from becoming
unrealistically small. The solution adopted here was to add
a small constant to each of the three equations for the time
updating of the variances of the estimation error for runway
position. That is, as every set of data was processed, each of
the three variances was artificially increased a small amount.
This modification and the veloeity variance simplification
“ just discussed ensure that the overall estimation system re-
tains significant sensitivity to new observations; conse-
quently, recent data contribute more to the current estimate
than older data.

The performance of the system with these new modifica-
tions incorporated was evaluated and found to be satisfactory.
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Fig.3 Comparison of the complete and simplified filters—
constant velocity.
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Fig.4 Comparison of the complete and simplified filters—
response to a lateral gust.

During this evaluation it was empirically determined that a
few of the remaining cross-correlation terms of the covariance
matrix were not significant and they were dropped. An
example of such a term is the correlation between the error in
estimate of the downrange position and the error in estimate
of the lateral velocity.

After all simplifications had been completed, the final sys-
tem of equations became as follows:

The equations that update the covariance matrix and the
airplane position for the time between observations are

P11 = P11 + 2.0(DELT)(P14) + 0.6, P44 = 16.0
P14 = P14 + (DELT)(P44), P55 = 16.0
P22 = P22 + 2.0(DELT)(P25) 4 0.3, P66 = 9.0

P25 = P25 4 (DELT)(P55), P33 = P33 +
2.0(DELT) (P36) + 0.4
P36 = P36 + (DELT)(P66), £(trs1) = 2() +

) ) DELT [z(t)]
9(tes) = (&) + DELT[H®)], Allen) = .
h(ts) + DELT[n{t)]

The following equations use the error signal and observa-
tion matrix associated with observation M to improve the
estimate of the state vector and the error covariance matrix:

PHT(Q) = Pi1{HQ)] + PI12[H(2)]

PHT(2) = P22[H(2)] + P12[H(1)]

PHT(3) = P33[H(3)], PHT(4) = P14[HQ1)]

PHT(5) = P25[H(2)], PHT(6) = P36[H(3)]

HPHT = H)IPHTM1)] + H@2)[PHT(2)] +
H(3)[PHT(3)]

DU12 = 1.0/[HPHT + Q(M)]

GD) = DU2IPHTM)], X(I) = X(I) + GD)[SIGM)]

forI = 1,6

P11 = P11 — GDQ)[PHT )]
P12 = P12 — GDQ)[PHT(2)]
P14 = P14 — GDQ)[PHT(4)]
P22 = P22 — GD(2)[PHT(2)]
P25 = P25 — GD(2)[PHT(5)]
P33 = P33 — GD(3)[PHT(3)]
P36 = P36 — GD(3)[PHT(6)]

The error signals and observation matrices used here are
identical to those in the Appendix.

V. Filter Comparisons

This far simpler estimation system has substantially the
same performance as the full filter. Figure 3 shows a direct
comparison between the Fortran versions of the two filters
as they respond to an initial error in estimate of lateral dis-
tance; all initial conditions are identical, the observation
noise is identical, and the responses are almost identical.

Lateral gust responses for the same two systems are pre-
sented in Fig. 4, and again the responses show that the sim-
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Fig.5 Comparison of the complete and simplified filters—
constant velocity.

plified system is equivalent in performance to the complete
filter. Figures 5 and 6 show the lateral rate responses associ-
ated with Figs. 3 and 4, and again it is clear that the major
simplifications adopted were justified since equivalent per-
formance is demonstrated. The simplified filter actually
outperforms the complete filter as time passes because then
it has more sensitivity to additional data.

The prediction of the impact point was much improved
using this simple filter. The impact point, determined by
the ratio of lateral velocity to downrange velocity, had been
far too jumpy when predicted by the direct procedure and
frequently jumped out of the range of the pilot display.
Now the jumpiness was tolerable, although the velocity ratio
did not always stay within the desired error limit of 0.01.

After the simplified system was programmed in machine
language, fixed point, single precision, it was necessary to
verify that accuracy or overflow problems did not occur,
although the Kalman formulation has a natural inclination
to avoid overflow difficulties. This is so because the error
signal to the filter is a perturbation quantity, and, conse-
quently, the magnitude of the input to the filter is nominally
unaffected by the magnitude variations of basic physical
quantities such as range to touchdown, ete.

Consequently, several runs, which had a wide range of
initial conditions and variable size, were compared, and it
was determined that results were satisfactory. The accuracy
loss was, in effect, smothered by the small constants that
were added to ensure that the variances of estimation errors
in position had realistic minima; that is, the accuracy loss
was of much less effect than the small constants in those
particular equations. The only place that accuracy was
critical was in calculating the estimated observations 7,7z
where a double-precision, square root routine was required.

VI. Conclusions

The Kalman filter equations were developed for use in a
zero-zero landing system because the pilot display was not
satisfactory due to inaccuracies in position and velocity
estimation when a direct procedure was used. The first
computer simulation of the Kalman approach gave substan-
tial improvement in performance, but was far too slow and
used too much computer space. A much simplified version
of this filter has been obtained that has performance equiva-
lent to the complete filter and does meet the onboard com-
puter requirements. The machine language version of the
simplified filter completes a cycle of computations for three,
nominally-simultaneous, distance measurements in 27 msec
and uses less than 500 words of computer storage.

Minima for the variances of estimation error for position
and velocity were built into the mathematical model in an
extremely simple manner. Flight tests have shown much
improvement in the estimation of the impact point although
the response time is not as fast as desired.

VII. Appendix: Equations that Result
from Using the First Two Simplifications

The equations for the time updating of the covariance
matrix of estimation errors are

P11 = P11 + 2 DELT(P14), P12 = P12 +
DELT(P15 -+ P24)
Pl4 = P14 + DELT(P44), P15 = P15 + DELT(P45)
P22 = P22 + 2 DELT(P25), P24 = P24 +
DELT (P45)
P25 = P25 + DELT(P55), P33 = P33 -+
2 DELT(P36)
P36 = P36 + DELT(P66), P44 = P44, P45 = P45
P55 = P55, P66 = P66

Since the P matrix is symmetrie, only terms on or above
the main diagonal are listed. Those not listed are zero.

The equations for the time updating of the airplane position
are :

&(tes) = &(t) + DELT[2()]
§(tr) = 9(t) + DELT [y(6) ]
h(te1) = hits) + DELT[5(t)]

The equations that generate the error signal, SIG, and the
observation matrix, H, associated with the Mth observatlon
are (M =1 23)

71 = SQRT[#? + {yo + §}2 + h?], SIG, = OBS, — 71,
H(l) = %/t5, H2) = [yo + 91/rz
H(3) = h/rz,, Pz = SQRT[av2 + {yo — y} + A2]
SIG, = OBS; — 4, H(1) = &/Tx
TH®@) = [— yo‘l"y/?;}a, H@3) = h/rR
SIG4 = OBS4 — A, HQ1) = 0.0
H?®) = 0.0, H3) =

The next equations calculate the gain matrix, GD, associ-
ated with the particular observation matrix, H.

PHT() = Pi1[H(1)] + P12[H(2),PHT (2) =
P22[H(2)] + P12[H(1)]
P33[H(3)], PHT(4) =
PI4[H)] + P24[H(2)]
PHT(5) = P15[H(1)] + P25[H(2)}, PHT(6) = P36[H(3)]
HPHT = HQ)[PHT(1)] + HQ)[PHT?2)] +
H3)[PHT(3)]

PHT@3) =

DU12 = 1.0/[HPHT + Q(M)], GD{I) =
PHT(I)(DU12) forI = 1,6

Next, the estimate of the state vector is altered, using the
information of observation M.

X(I) = X(I) + GD()SIG(M)]

COMPLETE AND SIMPLIFIED FILTER COMPARSION
LATERAL GUST RESPONSE
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Fig. 6 Comparison of the complete and simplified filters—
response to a lateral gust.
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This final set of equations recomputes the covariance
matrix. It indirectly uses all the data except the current
observation.

P11 = P11 — GD()[PHT(1)], P12 = P12 —
GD()[PHT2)]
Pl4 = P14 — GD()[PHT(4)], P15 = P15 —
GD(1) [PHT(5)]
P22 = P22 — GD2)[PHT(2)], P24 = P24 —
GD(2)[PHT4)]

P25 = P25 — GD(2)[PHT(5)]

P33 = P33 — GDB)[PHT(3)], P36 = P36 —
GD(3)[PHT (6)]
P44 = P44 — GD4)[PHT(4)], P45 = P45 —
GD(4)[PHT(5)]
P55 = P55 — GD(5){PHT(5)], P66 = P66 —

GD(6)[PHT(6)]
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